Rotation tensors play a pre dominant role in many engineering applications. They exhibit a pronounced multiplicative structure, the various aspects of which must be dealt with carefully in order to arrive at a numerically efficient and physically sound treatment. A method of multiplicative updating of rotations in the frame of finite element analysis of rods was suggested by Simo and Vu-Quoc which proved to be path-dependent, even in purely elastic problems, as observed by Jelenic and Crisfield. In this paper a path-independent treatment of rotations is developed which proves to be numerically efficient, physically sound, and preserves the multiplicative structure of rotations. In addition, a unified treatment of rod and shell theories is established which considers them from the point of view of Cosserat continua with same degrees of freedom. In the shell case, the formulation allows in a natural way for the inclusion of drill rotations.
Introduction
Rotation tensors play a pre dominant role in many engineering applications. They appear explicitly in geometrically exact shell and rod theories, in extended theories of three-dimensional continua, and are fundamental within the area of multi-body dynamics. Typically, the rotation tensor defines a highly non-linear field over a certain domain where, in general, closed solutions cease to exist. Accordingly, interpolations within a numerical approach, such as that of the finite element method, are to be carried out. Whereas the updating procedure of displacement vectors is straightforward and additive in nature, that of the rotation tensors differs in a fundamental way. First, rota-tion tensors depend on three rotation parameters, the components of a rotation vector. Accordingly, the rotation tensor itself cannot be directly interpolated. Although rotation parameters can be equipped with an Euclidean structure and hence can be updated additively (see e.g. Cardona and Geradin 1988; Sansour and Bufler 1992; Sansour and Bednarczyk 1995; Borri and Bottasso 1994) , physically one is motivated to deal with the rotation tensors as a Lie group with a multiplicative structure. This is mathematically more convenient and allows for a direct physical interpretation of the quantities involved. The multiplicative structure gives rise to an incremental rotation vector, the components of which can be interpolated within a finite element procedure in a classical way. The question now arises of how to build up and update the rotation tensor itself. A method of multiplicative updating of rotations was suggested by Simo and Vu-Quoc (1986) which was widely accepted and subsequently used in various finite element formulations of rod and shell theories. The updating strategy rests on the treatment of the rotation tensor as a history variable. Only the increments of the rotation vector are interpolated over the element. The rotation tensor itself is formulated only at the Gauss points and is updated multiplicatively using the incremental rotation tensor generated by the interpolated incremental rotation vector. Accordingly, rotation tensors exist only at the Gauss points and not at element nodes. Recently, Jelenic and Crisfield (1999) have shown that the methodology is in fact path-dependent. This is also true for problems which, as such, are path-independent as in the case of elasticity. They suggested a specific so-called co-rotational formulation which deviates from a classical continuum treatment such as a Lagrangian one, one would like to appeal to.
Based on the previous work by Sansour and Bednarcyzk (1995), we systematically develop in this paper a multiplicative updating scheme for the rotation tensors which enjoys the following features:
1. The formulation is objective and path-independent. 2. The rotation tensors are well defined at the Gaussian points but are not treated as history variables. They are also well defined at the element nodes. 3. The multiplicative structure of the rotational group and the updating scheme is preserved. 4. Classical finite element interpolations can be carried out in a classical manner.
As an application we discuss the formulation of elastic rod and shell theories. These formulations exhibit the following features:
1. The treatment of one-as well as two-dimensional models is carried out using the same approach and resulting in the same number of degrees of freedom. 2. As to a shell, drilling rotations are included directly and naturally in the formulation.
The content of the paper is as follows. First, we give a short outline of the three-dimensional theory. The strain measures of the classical continuum, as well as those of the Cosserat continuum are given and discussed. The direct approach is then applied to achieve dimensional reduction. Two cases are considered: the reduction to one dimension resulting in a general theory of rods and the reduction to two dimensions resulting in a general theory of shells. The theories are geometrically exact. An important feature is the consideration of a three parametric rotation tensor contrasting the rotation tensor involved in theories based on the Green strain measures. The inclusion of drilling degrees of freedom is inherent in the theoretical framework itself and hence is achieved in a completely natural way. For the two-dimensional case a finite-element formulation is briefly discussed. The formulation is based on a partially hybrid variational principle.
2
The direct approach to rod and shell theories
Preface
Historically, it is remarkable that dimensionally reduced theories of elasticity were available before the three-dimensional theory was developed at all. Specifically, onedimensional theories of rods and two-dimensional theories of plates had very early gained access to applications and, to a great extent established a basis for engineering. Nowadays, although a well developed three-dimensional theory is available, it is generally accepted that the treatment of problems of elasticity on thin domains is best carried out at a dimensionally reduced level. The dimensionally reduced problem is easier to solve, as well as being free of ill-conditioning.
The reduction of dimension can be achieved either prior to the numerical treatment of the problem, or within, and as a part of the numerical discretisation itself. In the former case, one is led to theories of rods, plates, and shells, the concern of this paper.
There are two approaches for the derivation of dimensionally reduced theories: the three-dimensional approach and the direct approach. In the first approach, the threedimensional governing equations are reduced via assumptions on the displacement field (or other physical fields) resulting in one-or two-dimensional theories of rods and shells. A frequently adopted assumption is that of a linearly varying displacement field over the thickness of the thin three-dimensional body.
In the second approach, the direct approach, the governing equations are derived by considering a manifold of a dimension less than three, but with more degrees of freedom attached to its points. A classical (in one or two directions thin) three-dimensional continuum is modelled directly as a non-classical continuum of reduced dimension. By a classical continuum we mean a continuum with the degrees of freedom being displacements. On the other hand, the non-classical continuum is considered to be a Cosserat continuum, which is characterized by a displacement vector as well as an independent rotation vector attached to every particle of the continuum. The dimension of the Cosserat continuum is taken to be one or two, depending on the kind of theory one is interested in, a rod or shell theory. The stored energy function of the three-dimensional body is then assumed to depend on the strain measures of the Cosserat continuum.
Even in the case of a Cosserat continuum, the strain measures may take completely different forms. On the one hand, metric-based quantities can be taken as strain measures, e.g. the right Cauchy Green tensor; on the other hand, the strain measures can be stretch type measures which, in fact, result in completely different expressions motivating different numerical treatments.
Theories of shells derived by means of the direct approach and based on the Green strain tensor as a strain measure, that is on metric based quantities, were the concern of Cohen and DeSilva (1966); Green et al. (1965), and Naghdi (1972) ; see also Rubin (2000) for a general account. In these theories so-called directors are attached to every point of the Cosserat surface or line. The kinematics of the directors thereby constitute the additional degrees of freedom, which for a three-dimensional body take into account typical effects such as bending. A finiteelement formulation and rotational parameterization of the corresponding geometrically exact shell theory was given by Simo and Fox (1989) (see also Bas¸ar and Ding (1992) ). Within these theories the rotation tensor is only two-parametric, reflecting the fact that the rotation tensor is constrained and belongs to the subgroup SO(3)/SO(2), with SO(3) being the special orthogonal group, that is the three-parametric group of orthogonal tensors with positive determinant, while SO(2)is the group of rotations of the plane given by only one-parametric rotations. Rotations which are elements of SO(3)/SO(2) exclude drilling rotations.
Alternatively, the dimensionally reduced theories can depend on stretch type strain tensors based on a different philosophy and formalism, which makes the same approach directly applicable whatever the dimension of the continuum may be. Essentially the same degrees of freedom and the same type of strain measures are considered for both rods and shells, it is only the dimension of the continuum which differs. A basic difference to the director based formulations lies in the fact that the rotation tensor is actually an element of the group SO(3), which implies that all three rotational parameters are independent and drilling rotations are naturally considered.
It is interesting to note that as far as one-dimensional theories are concerned, the theory to be developed here is equivalent to a model known in the literature as formulated by Reissner (1981 ), Antmann (1995 , and Simo and Vu-Quoc (1986) . The model has been dealt with intensively in the literature (see e.g. Cardona and Geradin 1988; Borri and Bottasso 1994; Ibrahimbegovic 1995; Gruttmann et al. 1998 ; McRobie and Lasenby 1999; Trindade and Sampaio 2002; to mention few). Nevertheless, of special
